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In this paper, we generalize the concept of strong quantum nonlocality from two aspects. Firstly
in Cd ⊗ Cd ⊗ Cd quantum system, we present a construction of strongly nonlocal quantum states
containing 6(d−1)2 orthogonal product states, which is one order of magnitude less than the number
of basis states d3. Secondly, we give the explicit form of strongly nonlocal orthogonal product basis
in C3 ⊗ C3 ⊗ C3 ⊗ C3 quantum system, where four is the largest known number of subsystems in
which there exists strong quantum nonlocality up to now. Both the two results positively answer the
open problems in [Halder, et al., PRL, 122, 040403 (2019)], that is, there do exist and even smaller
number of quantum states can demonstrate strong quantum nonlocality without entanglement.
I. INTRODUCTION
Quantum nonlocality, as one fundamental property of
quantum mechanics, has always received widespread con-
sideration. Generally speaking, quantum entanglement
and the violation of Bell inequality are the usual ev-
idences to show the existence of quantum nonlocality.
But in recent years, the local discrimination of quantum
states, see [1–15] for an incomplete list, has been widely
used to assure quantum nonlocality. That means, if the
shared quantum state, which is chosen from a known set
of quantum states, cannot be distinguished by Alice and
Bob using local operations and classical communication,
there will be quantum nonlocality existed. Especially
the local indiscrimination for product states presents the
phenomenon, i.e., quantum nonlocality without entan-
glement.
Actually until last year, almost all the above references
focus on the local discrimination of bipartite quantum
states, entangled or not. For tripartite quantum states,
Halder et al. came up with strong quantum nonlocality
without entanglement [16], and presented two explicit
strongly nonlocal sets of quantum states in C3⊗C3⊗C3
and C4⊗C4⊗C4 quantum system, respectively. In their
opinion, there exists strong quantum nonlocality if for
tripartite quantum states, they are locally irreducible
in every bipartition. This definition is natural and
reasonable, but it seems not so exhaustive for more
than tripartite quantum states. In ref. [17], Zhang et
al. gave a more general definition of strong quantum
nonlocality for multipartite quantum states, that is, “In
Cd1⊗Cd2⊗· · ·⊗Cdn , n ≤ 3, a set of orthogonal quantum
states is strongly nonlocal if it is locally irreducible in
every (n − 1)-partition, where (n − 1)-partition means
the whole quantum system is divided into n − 1 parts.”
Just as they have discussed in [17], the strength of
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nonlocality of a set of states which is locally irreducible
in every j-partition is more than another set of states
which is locally irreducible in every (j + 1)-partition.
In other words, if a set of multipartite quantum states
is irreducible in every bipartition, then this set is also
irreducible in every more than two partition. That
means, the quantum nonlocality of a set of quantum
states which is locally irreducible in every bipartition
is the strongest. Actually this is exactly the original
definition of “strong quantum nonlocality” in [16],
and what we will discussed is this strong quantum
nonlocality of multipartite quantum product states.
As known, there have already existed two bases in tri-
partite quantum systems, specifically C3 ⊗ C3 ⊗ C3 and
C4 ⊗ C4 ⊗ C4 quantum system respectively, which are
strongly nonlocal, but the construction for general tri-
partite system is still unknown. In [17], Zhang et al.
have presented a set of four-partite product states which
is locally irreducible in every tripartition, but they do
not explain whether it is strongly nonlocal or not in our
definition. Thus the two open problems in [16] are still
open, those are,
(1) Can we construct strongly nonlocal quantum prod-
uct states, even incomplete orthogonal product ba-
sis, in general Cd ⊗ Cd ⊗ Cd quantum system?
(2) Can we construct strongly nonlocal quantum prod-
uct states in more than tripartite quantum sys-
tems?
Fortunately in this paper, we solve these two questions
and give positive answers. Firstly, we build 6(d − 1)2
strongly nonlocal quantum product states in general Cd⊗
Cd⊗Cd system, which is one order of magnitude less than
the whole dimension d3. Specifically in C3 ⊗ C3 ⊗ C3,
C4⊗C4⊗C4, the number decrease from the original 27,
64 to 24, 54. And obviously, as the dimension increasing,
the number will decrease more and more. Further, these
are the first incomplete orthogonal product bases which
are strongly nonlocal. Secondly, we study the strongest
quantum nonlocality in four-party systems. And in C3⊗
2C3⊗C3⊗C3 quantum system, we are able to present the
explicit form of truly strongly nonlocal sets of orthogonal
quantum product states.
The rest of this paper is organized as follows. In Sec-
tion II, we present two necessary definitions of strong
nonlocality. In Section III, we propose the strongly non-
local quantum state sets in Cd ⊗ Cd ⊗ Cd quantum sys-
tem. In Section IV, we show two sets of strongly nonlocal
quantum state sets in C3⊗C3⊗C3⊗C3 quantum system.
Finally, we summarize in Section V.
II. PRELIMINARIES
In this section, we will review two definitions which
are used through the following sections. The first is the
definition of local irreducibility, based on which we can
explain the second definition of strong nonlocality.
Definition 1 (Local irreducibility, [16]). A set of or-
thogonal quantum states is locally irreducible if it is not
possible to eliminate one or more quantum states from
the set by nontrivial orthogonality-preserving local mea-
surements.
The so-called “measurement” through our paper is a
POVMmeasurement if there is no special explanation. A
measurement is nontrivial if at least one POVM element
is not proportional to the identity operator. Otherwise,
we call it a trivial measurement. Based on Definition 1,
now we can review the formal definition of strong non-
locality in [16] as below, which is the strongest case in
[17].
Definition 2 (Strong nonlocality, [16]). A set of or-
thogonal product states {|ψ〉 ∈ H =
⊗n
i=1Hi||ψi〉 =
|αi〉1|βi〉2 · · · |γ〉n, |αi〉1 ∈ H1, |βi〉2 ∈ H2 · · · |γ〉n ∈ Hn}
is strongly nonlocal if it is locally irreducible in every bi-
partition, where n ≥ 3 and dimHi ≥ 3 for i = 1, . . . , n.
Next we will explain the relationships among strong
nonlocality, local irreducibility and nonlocality by two
detailed examples. The reason why we referred nonlocal-
ity is the fact that most researchers have focused on this
topic before. Actually the strength of local irreducibility
is between strong nonlocality and nonlocality. Firstly,
local irreducibility is stronger than nonlocality, that is, a
locally irreducible set is locally indistinguishable but not
vice versa. The following example is a set which is locally
indistinguishable but is locally reducible. Consider a set
of orthogonal product states in C6 ⊗ C6:
|0〉|0± 1〉 |0± 1〉|2〉 |2〉|1± 2〉 |1± 2〉|0〉
|3〉|3± 4〉 |3± 4〉|5〉 |5〉|4± 5〉 |4± 5〉|3〉
The above set is locally indistinguishable because
a subset of these states is locally indistinguishable
[1]. However, if Alice perform a local measurement
{
∑2
i=0 |i〉〈i|,
∑5
i=3 |j〉〈j|}, half of above states will be
eliminated. Namely, this set of states are locally re-
ducible.
Secondly, a locally irreducible set is not a strongly non-
local set in general. Consider a set of orthogonal product
states in C3 ⊗ C3 ⊗ C3, or to say HA ⊗HB ⊗HC :
|0〉|1〉|0± 1〉 |1〉|0± 1〉|0〉 |0± 1〉|0〉|1〉
|0〉|2〉|0± 2〉 |2〉|0± 2〉|0〉 |0± 2〉|0〉|2〉
The above set is locally irreducible, which was shown in
[16]. However, if we perform measurement {|0〉|1〉〈0|〈1|+
|0〉|2〉〈0|〈2|, I− (|0〉|1〉〈0|〈1| + |0〉|2〉〈0|〈2|)} in a compos-
ite space HA ⊗ HB, then we can eliminate at least one
quantum state. That means, the set is locally reducible
in bipartition “AB|C”, which does not satisfy the condi-
tion of strong nonlocality.
III. STRONGLY NONLOCAL ORTHOGONAL
PRODUCT STATES IN Cd ⊗ Cd ⊗ Cd
In this section, we will construct a set of strongly non-
local orthogonal product states (OPS) in Cd ⊗ Cd ⊗ Cd,
represented as Alice (A), Bob (B) and Charlie (C)’s
Hilbert space HA, HB and HC , with d ≥ 3. The basis
for each subsystem is {|i〉}d−1i=0 , and in our paper |i ± j〉
denotes the state 1√
2
(|i〉 ± |j〉).
We consider the following OPS in Cd ⊗ Cd ⊗ Cd:
|0〉|i〉|0± i〉 |i〉|0± i〉|0〉 |0± i〉|0〉|i〉,
|i〉|j〉|0 ± i〉 |j〉|0± i〉|i〉 |0± i〉|i〉|j〉,
(1)
where 1 ≤ i, j ≤ d − 1 and i 6= j. Note that the set (1)
is invariant under cyclic permutation of the three parties
A, B and C. On the account that local irreducibility is a
sufficient condition for strong nonlocality, we first show
that these states are locally irreducible in Lemma 3.
Lemma 3. In Cd ⊗ Cd ⊗ Cd, the above 6(d− 1)2 states
(1) are locally irreducible.
Proof. Through the definition of local irreducibility, we
need to illustrate the impossibility of eliminating one or
more quantum states by nontrivial measurements. If
there is even no nontrivial measurements existed to pre-
serve orthogonality, then the states set must be locally
irreducible. Consider the subset of OPS (1):
|α1,2i 〉 = |0〉|i〉|0± i〉,
|α3,4i 〉 = |i〉|0± i〉|0〉,
|α5,6i 〉 = |0± i〉|0〉|i〉,
(2)
where 1 ≤ i ≤ d − 1. It is obvious that if any
orthogonality-preserving local measurement turns out to
be trivial for the quantum states set (2), then the satisfied
measurement for the quantum states set (1) also must be
trivial, so the local irreducibility of the quantum states
set (1) can be proved.
We now show that any orthogonality-preserving local
POVM perform either on A, B or C must be trivial.
3First, we assume Alice goes first. Let POVM {ΠA} de-
note a general orthogonality-preserving measurement on
A. Each POVM element can be written as a d×d matrix
in the {|0〉, · · · , |d− 1〉} basis of HA generally:
ΠA =


a0,0 · · · a0,d−1
...
. . .
...
ad−1,0 · · · ad−1,d−1

 ∈ Cd×d.
The measurement must leave the postmeasurement
states mutually orthogonal. By setting the the inner
product 〈α1i |ΠA ⊗ IB ⊗ IC |α
3
i 〉 = 0, we obtain a0,i =
ai,0 = 0 for 1 ≤ i ≤ d− 1. For 1 ≤ i, j ≤ d− 1 and i 6= j,
by setting 〈α3i |ΠA ⊗ IB ⊗ IC |α
5
j 〉 = 0, we have ai,j = 0.
By setting 〈α5i |ΠA⊗ IB ⊗ IC |α
6
i 〉 = 0, we have a0,0 = ai,i
for 1 ≤ i ≤ d− 1. As the diagonal elements of ΠA are all
equal and the off-diagonal elements are all zero, ΠA must
be proportional to the identity. Therefore, Alice can not
go first. Since quantum states set (2) are invariant un-
der cyclic permutation of the parties, Bob and Charlie
can not go first either. This completes the proof of the
lemma.
Lemma 3 shows the local irreducibility of states (1),
which also implies quantum nonlocality. Next, we sill
show their local irreducibility in every bipartition, which
can assure the strong nonlocality of (1) in Theorem 4.
Theorem 4. In Cd⊗Cd⊗Cd, the above quantum states
(1) are strongly nonlocal.
Proof. Since quantum state set (1) is invariant under
cyclic permutation of the parties, we only need to con-
sider the bipartition A|BC. We will show that any
orthogonality-preserving local POVM performed either
on A or BC together must be trivial. In bipartition
A|BC, the state set (1) takes the form:
|α1,2i 〉 = |0〉|i0± ii〉 |β
1,2
ij 〉 = |i〉|j0± ji〉
|α3,4i 〉 = |i〉|00± i0〉 |β
3,4
ij 〉 = |j〉|0i± ii〉
|α5,6i 〉 = |0± i〉|0i〉 |β
5,6
ij 〉 = |0± i〉|ij〉
where 1 ≤ i, j ≤ d− 1 and i 6= j.
According to Lemma 3, Alice can not go first. We con-
sider whether it is possible to initial a local protocol by
performing some non-trivial POVM on BC. Let {ΠBC}
be a general orthogonal-preserving measurement on BC.
Each POVM element can be written as a d2 × d2 ma-
trix in the {|00〉, |01〉, · · · , |(d − 1)(d− 1)〉 basis of HBC .
Assume one element in {ΠBC} is as follows.
ΠBC =


b00,00 · · · b00,(d−1)(d−1)
...
. . .
...
b(d−1)(d−1),00 · · · b(d−1)(d−1),(d−1)(d−1)


For states |α1,2i 〉, |α
1,2
j 〉 and 1 ≤ i 6= j ≤ d− 1, we known
〈α1,2i |IA ⊗ΠBC |α
1,2
j 〉 = 0, which implies bi0,j0 = bi0,jj =
bii,j0 = bii,jj = 0. For states |α
5
i 〉, |α
5
j〉 and 1 ≤ i 6= j ≤
d− 1, we have 〈α5i |IA⊗ΠBC |α
5
j〉 = 0, i.e., b0i,0j = 0. For
states |β5st〉, |β
5
st〉, 1 ≤ i, j, s, t ≤ d−1, s 6= t and i 6= j, we
have 〈β5st|IA⊗ΠBC |β
5
ij〉 = 0, which implies bst,ij = 0. For
1 ≤ i, j ≤ d− 1, if 〈α1,2i |IA ⊗ΠBC |α
5
j〉 = 0, then we have
bi0,0j = bii,0j = b0j,i0 = b0j,ii = 0. For 1 ≤ i, s, t ≤ d − 1
and s 6= t, if 〈α1,2i |IA ⊗ ΠBC |β
5
st〉 = 0, then we have
bi0,st = bii,st = bst,i0 = bst,ii = 0. For states |α
3,4
i 〉, |α
5
i 〉
and 1 ≤ i ≤ d − 1, we have 〈α3,4i |IA ⊗ ΠBC |α
5
i 〉 = 0,
which results in b00,0i = bi0,0i = b0i,00 = b0i,i0 = 0. For
states |α3,4i 〉, β
1,2
ij and 1 ≤ i 6= j ≤ d − 1, we obtain
〈α3,4i |IA ⊗ ΠBC |β
1,2
ij 〉 = 0, which means b00,j0 = b00,ji =
bj0,00 = bji,00 = 0. For 1 ≤ i 6= j ≤ d − 1, if 〈α
3,4
i |IA ⊗
ΠBC |β
3,4
ji 〉 = 0, then we obtain b00,jj = bjj,00 = 0. For
1 ≤ i, s, t ≤ d − 1 and s 6= t, if 〈α5i |IA ⊗ ΠBC |β
5
st〉 =
0, then we have b0i,st = bst,0i = 0. For states |β
1,2
is 〉,
|β3,4ti 〉, 1 ≤ i, s, t ≤ d − 1, i 6= s and i 6= t, we have
〈β1,2is |IA ⊗ ΠBC |β
3,4
ti 〉 = 0, which implies bs0,0t = bs0,tt =
b0t,s0 = btt,s0 = 0. All above discussion illuminates that
all off-diagonal elements of ΠAB are equal to 0.
Moreover, for state |α1,2i 〉 and 1 ≤ i ≤ d−1, let 〈α
1
i |IA⊗
ΠBC |α
2
i 〉 = 0, we can obtain bi0,i0 = bii,ii. For state
|α3,4i 〉 and 1 ≤ i ≤ d − 1, let 〈α
3
i |IA ⊗ ΠBC |α
4
i 〉 = 0, we
can obtain b00,00 = bi0,i0. For state |β
1,2
ij 〉 and 1 ≤ i 6=
j ≤ d − 1, let 〈β1ij |IA ⊗ ΠBC |β
2
ij〉 = 0, we can obtain
bj0,j0 = bji,ji. For state |β
3,4
ij 〉 and 1 ≤ i 6= j ≤ d − 1,
let 〈β3ij |IA ⊗ ΠBC |β
4
ij〉 = 0, we can obtain b0i,0i = bii,ii.
That is, all the diagonal elements of ΠBC are equal.
As the diagonal elements of ΠBC are all equal and the
off-diagonal elements are all zero, ΠBC must be propor-
tional to the identity. Hence, BC can not go first. This
completes the proof of theorem.
Up to now, we have constructed 6(d−1)2 strongly non-
local OPS in Cd⊗Cd⊗Cd quantum system. The number
of constructed states is one order of magnitude less than
the dimension of whole space d3, which is the number of
existed strongly nonlocal product states. Especially, we
present 24 and 54 strongly nonlocal OPB in C3⊗C3⊗C3
and C4 ⊗ C4 ⊗ C4, which is 3 and 10 fewer than states
proposed in [16] respectively. This gives a positive an-
swer to one open problem in [16] that “whether incom-
plete orthogonal product bases can be strongly nonlocal”.
Theorem 4 also illuminates that local implementation of
a three-party separable measurement in general three-
party space can not be realized unless uses entanglement
across all bipartitions.
IV. STRONGLY NONLOCAL ORTHOGONAL
PRODUCT STATES IN GENERAL SYSTEM
C
3 ⊗ C3 ⊗ C3 ⊗ C3
Ref. [16] leaves another open problem that how to
construct strongly nonlocal OPS in multiparty systems?
In [17], a set of ‘strongly nonlocal’ OPS was proposed
4in a specific four-party system. However, the presented
set is not a strongly nonlocal set defined in this paper.
Since only part of bipartitions are consider in [17], it is a
partial answer for this open question.
In this section, we will construct a set of strongly non-
local orthogonal product states in specific four-party sys-
tems: C3 ⊗ C3 ⊗ C3 ⊗ C3 and C4 ⊗ C4 ⊗ C4 ⊗ C4. The
strong nonlocality has not been considered in previous
works. Here similarly, let |i ± j〉|k ± l〉 denote quan-
tum states 12 (|i〉 + |j〉)(|k〉 + |l〉),
1
2 (|i〉 + |j〉)(|k〉 − |l〉),
1
2 (|i〉 − |j〉)(|k〉+ |l〉) and
1
2 (|i〉 − |j〉)(|k〉 − |l〉).
The strongly nonlocal orthogonal product basis (OPB)
in C3 ⊗ C3 ⊗ C3 ⊗ C3 is described as follows:
|0〉|1〉|0± 1〉|0± 2〉 |1〉|1〉|0〉|1± 2〉 |1〉|0〉|1〉|0〉
|1〉|2〉|1± 2〉|1± 0〉 |2〉|2〉|1〉|2± 0〉 |2〉|1〉|2〉|1〉
|2〉|0〉|2± 0〉|2± 1〉 |0〉|0〉|2〉|0± 1〉 |0〉|2〉|0〉|2〉
|1〉|0± 1〉|0± 2〉|0〉 |1〉|0〉|1± 2〉|1〉 |0〉|1〉|0〉|1〉
|2〉|1± 2〉|1± 0〉|1〉 |2〉|1〉|2± 0〉|2〉 |1〉|2〉|1〉|2〉
|0〉|2± 0〉|2± 1〉|2〉 |0〉|2〉|0± 1〉|0〉 |2〉|0〉|2〉|0〉
|0± 1〉|0± 2〉|0〉|1〉 |0〉|1± 2〉|1〉|1〉 |0〉|0〉|0〉|0〉
|1± 2〉|1± 0〉|1〉|2〉 |1〉|2± 0〉|2〉|2〉 |1〉|1〉|1〉|1〉
|2± 0〉|2± 1〉|2〉|0〉 |2〉|0± 1〉|0〉|0〉 |2〉|2〉|2〉|2〉
|0± 2〉|0〉|1〉|0± 1〉 |1± 2〉|1〉|1〉|0〉
|1± 0〉|1〉|2〉|1± 2〉 |2± 0〉|2〉|2〉|1〉
|2± 1〉|2〉|0〉|2± 0〉 |0± 1〉|0〉|0〉|2〉
(3)
Firstly, we will show states (3) are locally irreducible.
Lemma 5. In C3 ⊗ C3 ⊗ C3 ⊗ C3, quantum states (3)
are locally irreducible.
Proof. Consider the subset of OPB (3):
|ψ1,2〉 = |1〉|1〉|0〉|1± 2〉 |ψ13,14〉 = |1〉|0〉|1± 2〉|1〉
|ψ3,4〉 = |2〉|2〉|1〉|2± 0〉 |ψ15,16〉 = |2〉|1〉|2± 0〉|2〉
|ψ5,6〉 = |0〉|0〉|2〉|0± 1〉 |ψ17,18〉 = |0〉|2〉|0± 1〉|0〉
|ψ7,8〉 = |0〉|1± 2〉|1〉|1〉 |ψ19,20〉 = |1± 2〉|1〉|1〉|0〉
|ψ9,10〉 = |1〉|2± 0〉|2〉|2〉 |ψ21,22〉 = |2± 0〉|2〉|2〉|1〉
|ψ11,12〉 = |2〉|0± 1〉|0〉|0〉 |ψ23,24〉 = |0± 1〉|0〉|0〉|2〉
(4)
We will show that any orthogonality-preserving local
POVM perform either on A, B, C or D must be trivial.
Let the POVM {ΠA} be a general orthogonal-preserving
measurement on A. Each POVM can be written as a
3× 3 matrix on the {|0〉, |1〉, |2〉} basis of HA:
ΠA =


a0,0 a0,1 a0,2
a1,0 a1,1 a1,2
a2,0 a2,1 a2,2

 ∈ C3×3.
If Alice’s measurement leaves the states orthogonal, then
for |ψ5〉 and |ψ13〉, 〈ψ5|ΠA⊗IB⊗IC⊗ID|ψ13〉 = 0. Thus,
a0,1 = a1,0 = 0. Similarly, for |ψ3〉, |ψ17〉 and |ψ1〉, |ψ15〉,
we can obtain a0,2 = a2,0 = 0 and a1,2 = a2,1 = 0 respec-
tively. For |ψ19〉 and |ψ20〉, 〈ψ19|ΠA⊗IB⊗IC⊗ID|ψ20〉 =
0 implies a1,1 = a2,2. Similarly, for |ψ21〉 and |ψ22〉,
we can obtain a2,2 = a0,0. Namely, if Alice goes first,
the POVM element ΠA is proportional to the identity,
which is a trivial POVM element. Hence, Alice can not
go first. Since the quantum states (4) are invariant un-
der the cyclic permutation of the parties, Bob, Charlie
and Eve can not go first. This completes the proof of the
lemma.
Lemma 6. In every bipartition, i.e., AB|CD, AC|BD
and AD|BC, orthogonal product states (3) are locally ir-
reducible.
Proof. Consider the subset of OPB (3):
|φ1,2,3,4〉 = |0〉|1〉|0± 1〉|0± 2〉
|φ5,6,7,8〉 = |1〉|2〉|1± 2〉|1± 0〉
|φ9,10,11,12〉 = |2〉|0〉|2± 0〉|2± 1〉
|φ13,14,15,16〉 = |1〉|0± 1〉|0± 2〉|0〉
|φ17,18,19,20〉 = |2〉|1± 2〉|1± 0〉|1〉
|φ21,22,23,24〉 = |0〉|2± 0〉|2± 1〉|2〉
|φ25,26,27,28〉 = |0± 1〉|0± 2〉|0〉|1〉
|φ29,30,31,32〉 = |1± 2〉|1± 0〉|1〉|2〉
|φ33,34,35,36〉 = |2± 0〉|2± 1〉|2〉|0〉
|φ37,38,39,40〉 = |0± 2〉|0〉|1〉|0± 1〉
|φ41,42,43,44〉 = |1± 0〉|1〉|2〉|1± 2〉
|φ45,46,47,48〉 = |2± 1〉|2〉|0〉|2± 0〉
(5)
We will show quantum states (4) and (5) are irreducible
in bipartition AB|CD. If Alice and Bob go first, let
POVM {ΠAB} be a general orthogonal-preserving mea-
sure on HA ⊗HB. Each POVM element can be written
as a 9×9 matrix on basis {|ij〉|i, j = 0, 1, 2} of HA⊗HB:
ΠAB =


b00,00 · · · b00,22
...
. . .
...
b22,00 · · · b22,22

 ∈ C9×9.
For |ψ5〉 and |ψ21,22〉, let 〈ψ5|ΠAB ⊗ IC ⊗ ID|ψ21,22〉 =
0. We have a00,22 ± a00,02 = 0 which implies
a00,22 = a00,02 = 0. For |φ17,19〉 and |φ25,26,27,28〉, let
〈φ17,19|ΠAB ⊗ IC ⊗ ID|φ25,26,27,28〉 = 0. We have
(a21,00 + a21,02 + a21,10 + a21,12)±
(a22,00 + a22,02 + a22,10 + a22,12) = 0
(a21,00 − a21,02 + a21,10 − a21,12)±
(a22,00 − a22,02 + a22,10 − a22,12) = 0
(a21,00 + a21,02 − a21,10 − a21,12)±
(a22,00 + a22,02 − a22,10 − a22,12) = 0
(a21,00 − a21,02 − a21,10 + a21,12)±
(a22,00 − a22,02 − a22,10 + a22,12) = 0
which implies a21,00 = a21,02 = a21,10 = a21,12 = a22,00 =
a22,02 = a22,10 = a22,12 = 0. Similarly, we can obtain the
off-diagonal elements of ΠAB are all equal to 0.
Let 〈φ25|ΠAB ⊗ IC ⊗ ID|φ26,27,28〉 = 0, we can ob-
tain a00,00 = a02,02 = a10,10 = a12,12. Let 〈φ29|ΠAB ⊗
IC ⊗ ID|φ30,31,32〉 = 0, we can obtain a11,11 = a10,10 =
a21,21 = a20,20. Let 〈φ33|ΠAB ⊗ IC ⊗ ID|φ34,36,36〉 = 0,
we can obtain a22,22 = a21,21 = a02,02 = a01,01. Since
5all the diagonal elements of ΠAB are equal, ΠAB is pro-
portional to an identity. Namely, Alice and Bob can not
go first. Since quantum states (4) and (5) are invari-
ant under permutation, Charlie and Eve can not go first.
That is, under the partition AB|CD, quantum states (4)
and (5) are locally irreducible. Similarly, (4) and (5) are
locally irreducible under partition AC|BD and AD|BC.
Find full proof of Lemma 6 in Appendix A.
Lemma 7. In every bipartition, i.e., A|BCD, B|ACD,
C|ABD and D|ABC, orthogonal product states (3) are
locally irreducible.
Proof. Consider the subset of (3):
|ϕ1〉 = |1〉|0〉|1〉|0〉 |ϕ4〉 = |0〉|1〉|0〉|1〉 |ϕ7〉 = |0〉|0〉|0〉|0〉
|ϕ2〉 = |2〉|1〉|2〉|1〉 |ϕ5〉 = |1〉|2〉|1〉|2〉 |ϕ8〉 = |1〉|1〉|1〉|1〉
|ϕ3〉 = |0〉|2〉|0〉|2〉 |ϕ6〉 = |2〉|0〉|2〉|0〉 |ϕ9〉 = |2〉|2〉|2〉|2〉
(6)
We will show quantum states (3) (i.e., (4), (5) and (6)
) are irreducible in partition A|BCD, B|ACD, C|ABD
and D|ABC. We only consider the partition A|BCD
because (3) is invariant under permutation. Since (3)
is irreducible due to Lemma 5, Alice can not go first.
Assume that Bob, Charlie and Eve go first. Let {ΠBCD}
denote the POVM in composite Hilbert space HB⊗HB⊗
HD. Each POVM element can be written as a 27 × 27
matrix on the basis {|ijk〉|i, j, k ∈ 0, 1, 2}:
ΠBCD =


c000,000 · · · c000,222
...
. . .
...
c222,000 · · · c222,222

 ∈ C27×27.
If measurement leaves the states orthogonal, then
for |ψ23〉 and |ϕ7〉, 〈ψ23|IA ⊗ ΠBCD|ϕ7〉 = 0. Hence,
c022,000 = 0. For |φ1,2,3,4〉 and |φ21,22,23,24〉, let
〈φ1,2,3,4|IA ⊗ΠBCD ⊗ |φ21,22,23,25〉 = 0, which implies
(c100,222 + c100,212 + c100,022 + c100,012)±
(c102,222 + c102,212 + c102,022 + c102,012)±
(c110,222 + c110,212 + c110,022 + c10,012)+
(c112,222 + c112,212 + c112,022 + c112,012) = 0
(c100,222 + c100,212 + c100,022 + c100,012)±
(c102,222 + c102,212 + c102,022 + c102,012)∓
(c110,222 + c110,212 + c110,022 + c10,012)−
(c112,222 + c112,212 + c112,022 + c112,012) = 0
(c100,222 − c100,212 + c100,022 − c100,012)±
(c102,222 − c102,212 + c102,022 − c102,012)±
(c110,222 − c110,212 + c110,022 − c10,012)+
(c112,222 − c112,212 + c112,022 − c112,012) = 0
(c100,222 − c100,212 + c100,022 − c100,012)±
(c102,222 − c102,212 + c102,022 − c102,012)∓
(c110,222 − c110,212 + c110,022 − c10,012)−
(c112,222 − c112,212 + c112,022 − c112,012) = 0
(c100,222 + c100,212 − c100,022 − c100,012)±
(c102,222 + c102,212 − c102,022 − c102,012)±
(c110,222 + c110,212 − c110,022 − c10,012)+
(c112,222 + c112,212 − c112,022 − c112,012) = 0
(c100,222 + c100,212 − c100,022 − c100,012)±
(c102,222 + c102,212 − c102,022 − c102,012)∓
(c110,222 + c110,212 − c110,022 − c10,012)−
(c112,222 + c112,212 − c112,022 − c112,012) = 0
(c100,222 − c100,212 − c100,022 + c100,012)±
(c102,222 − c102,212 − c102,022 + c102,012)±
(c110,222 − c110,212 − c110,022 + c10,012)+
(c112,222 − c112,212 − c112,022 + c112,012) = 0
(c100,222 − c100,212 − c100,022 + c100,012)±
(c102,222 − c102,212 − c102,022 + c102,012)∓
(c110,222 − c110,212 − c110,022 + c10,012)−
(c112,222 − c112,212 − c112,022 + c112,012) = 0
We have c100,222 = c100,212 = c100,022 = c100,012 =
c102,222 = c102,212 = c102,022 = c102,012 = c110,222 =
c110,212 = c110,022 = c10,012 = c112,222 = c112,212 =
c112,022 = c112,012 = 0. Similarly, we can prove that
all the off-diagonal elements in ΠBCD are equal to 0.
Let 〈φ5|IA ⊗ ΠBCD|φ6,7,8〉 = 0, so that we can obtain
c211,211 = c210,210 = c221,221 = c220,220. Analogously,
the diagonal elements of ΠBCD are all equal. See full
proof in Appendix B. Since ΠBCD is proportional to iden-
tity, Bob, Charlie and Eve can not go first. Namely,
quantum states (3) are locally irreducible in bipartition
A|BCD. Quantum states (3) are also locally irreducible
in bipartition B|ACD, C|ABD and D|ABC because (3)
are invariant under permutation. This completes the
proof.
6Combine Lemma 6 and Lemma 7, we obtain the strong
nonlocality of orthogonal product basis (3), which is ex-
actly the following Theorem 8.
Theorem 8. In C3 ⊗C3 ⊗C3 ⊗C3, quantum states (3)
are strongly nonlocal.
V. SUMMARY
In summary, we have extended the previous known
constructions of strongly nonlocal sets to 6(d − 1)2-size
sets in general three-party systems Cd ⊗ Cd ⊗Cd, which
decrease one order of magnitude from the whole dimen-
sion d3. Specifically in C3 ⊗ C3 ⊗ C3 and C4 ⊗ C4 ⊗ C4
quantum system, we can see the gap much clearer. Fur-
thermore, we also construct strongly nonlocal sets in spe-
cific four-party systems in C3⊗C3⊗C3⊗C3. These results
answer two open questions in [16] positively.
Note that in our examples, we can not locally real-
ize the four-party measurements even by unlimited en-
tangled source. This paper have left some interesting
questions for furture works. Is there any general con-
struction of strongly nonlocal OPS in any Hilbert space
Cd1 ⊗Cd1 ⊗ · · · ⊗Cdn? Moreover, can we find a smallest
strongly nonlocal set in C3 ⊗C3 ⊗C3, more generally in
any tripartite systems.
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Appendix A: Proof of Lemma 6
Since under the cyclic permutation of the parties, the
bipartition AB|CD is the same as bipartion AD|BC, we
only discuss the cases AB|CD and AC|BD. Here, we
only consider a subset of (3): (4) and (5).
For bipartition AB|CD, let POVM {ΠAB} denote a
general orhthogonal-preserving measurement on compos-
ite space AB:
ΠAB =


a00,00 · · · a00,22
...
. . .
...
a22,00 · · · a22,22

 ∈ C9×9.
Since the measurement leaves the postmeasurement
states mutually orthogonal, all off-diagonal elements of
ΠAB are equal to zero. See details in Table I. By setting
No. States Zero-Elements
1 |φ1〉, |φ29,30,31,32〉
a01,11, a01,10, a01,21, a01,20
a11,01, a10,01, a21,01, a20,01
2 |φ9〉, |φ25,26,27,28〉
a20,00, a20,02, a20,10, a20,12
a00,20, a02,20, a10,20, a12,20
3 |φ17,19〉, |φ25,26,27,28〉
a21,00, a21,02, a21,10, a21,12
a22,00, a22,02, a22,10, a22,12
a00,21, a02,21, a10,21, a12,21
a00,22, a02,22, a10,22, a12,22
4 |ψ1〉, |φ25,26,27,28〉
a11,00, a11,02, a11,10, a11,12
a00,11, a02,11, a10,11, a12,11
5 |ψ7,8〉, |φ37,39〉 a01,00, a02,00, a00,01, a00,02
6 |ψ9,10〉, |φ21,23〉 a10,00, a12,00, a00,10, a00,12
7 |ψ7,8〉, |φ5〉 a12,01, a12,02, a01,12, a02,12
8 |ψ11,12〉, |φ45,47〉 a22,20, a22,21, a20,22, a20,21
9 |ψ1,2〉, |φ17,19〉 a11,21, a11,22, a21,11, a22,11
10 |ψ21,22〉, |φ41,43〉 a01,02, a01,22, a02,01, a22,01
11 |ψ19,20〉, |φ37,39〉 a20,11, a20,21, a11,20, a21,20
12 |ψ13〉, |ψ7,8〉 a10,02, a02,10
13 |ψ13〉, |φ5〉 a10,12, a12,10
TABLE I. Off-diagonal elements of ΠAB
〈φ25|ΠAB⊗I⊗I|φ26,27,28〉 = 〈φ29|ΠAB⊗I⊗I|φ30,31,32〉 =
〈φ33|ΠAB⊗I⊗I|φ34,35,36〉 = 0, we obtain a00,00 = a01,01 =
· · · = a22,22. Since ΠAB is proportional to an identity op-
erator, AB can not go first. Because composite space AB
is the same as composite space CD, CD can not go first.
Hence, in bipartition AB|CD, (3) is locally irreducible.
Quantum states (4) and (5) are the same in bipartition
7AD|BC and AB|CD, therefore (3) is locally irreducible
in bipartition AD|BC.
For bipartition AC|BD,let POVM {ΠAC} denote a
general orthogonal-preserving measurement on compos-
ite space AC:
ΠAC =


b00,00 · · · b00,22
...
. . .
...
b22,00 · · · b22,22

 ∈ C9×9.
As the post measurement states leave pairwise orthog-
onal to each other, all off-diagonal elements of ΠAC are
all equal to zeros. Table II shows the details. Since the
No. States Zero-Elements
1 |ψ1〉, |φ41,43〉 b10,12, b10,02, b12,10, b02,10
2 |ψ5〉, |φ37,39〉 b02,01, b02,21, b01,02, b21,02
3
|ψ23,24〉, |φ9,11〉
b00,20, b00,22, b10,20, b10,22
b20,00, b22,00, b20,10, b22,10
4 |φ1,3〉, |φ29,31〉
b00,11, b00,21, b01,11, b01,21
b11,00, b21,00, b11,01, b21,01
5 |φ5,7〉, |φ33,35〉
b11,22, b11,02, b12,22, b12,02
b22,11, b02,11, b22,12, b02,1
6 |φ9,11〉, |φ37,39〉
b22,01, b22,21, b20,01, b20,21
b01,22, b21,22, b01,20, b21,20
7 |φ13,14〉, |φ37,39〉
b10,01, b10,21, b12,01, b12,21
b01,10, b21,10, b01,12, b21,12
8 |φ1,3〉, |φ13,14〉 b00,10, b00,12, b10,00, b12,00
9 |φ5,7〉, |φ17,18〉
b11,20, b11,21, b12,20, b12,21
b20,11, b21,11, b20,12, b21,12
10 |φ9,11〉, |φ21,22〉 b22,02, b20,02, b02,22, b02,20
11 |ψ23,24〉, |φ21,22〉 b00,01, b00,02, b01,00, b01,00
12 |ψ19,20〉, |φ13,14〉 b11,10, b11,12, b10,11, b12,11
13 |ψ11〉, |φ33,35〉 b20,22, b22,20
TABLE II. Off-diagonal elements of ΠAC
post measurement states preserve orthogonality, all diag-
onal elements of ΠAC are equal, see in Table III.
No. States Elements
1 |ψ19,20〉 b11,11 = b21,21
2 |ψ21,22〉 b22,22 = b02,02
3 |φ1,3〉 b00,00 = b01,01
4 |φ5,7〉 b11,11 = b12,12
5 |φ9,11〉 b22,22 = b20,20
6 |φ13,14〉 b10,10 = b12,12
7 |φ17,18〉 b21,21 = b20,20
8 |φ21,22〉 b02,02 = b01,01
TABLE III. Diagonal elements of ΠAC
Sine ΠAC is proportional to an identity operator, AC
can not go first. Since composite space AC is the same as
composite space BD, BD can not go first. Hence, (3) is
locally irreducible in bipartition AC|BD. This completes
the proof of Lemma 6.
Appendix B: Proof of Lemma 7
In this section, we will complete the proof of Lemma
7. Firstly, we will show that is locally irreducible in
bipartition A|BCD. Due to Lemma 5, A can not
go first. We now assume that BCD goes first. Let
the POVM {ΠBCD} describe a general orthogonality-
preserving measurement on BCD. Each POVM element
ΠBCD can be written as 27 × 27 matrix in the basis
{|000〉, |001〉, · · · , |221〉, |222〉} basis of HBCD:
ΠBCD =


c000,000 · · · c000,222
...
. . .
...
c222,000 · · · c222,222

 ∈ C27×27.
Since every measurement leaves postquantum states
mutually orthogonal, all off-diagonal elements of ΠBCD
are equal to zero. The details are presented in Table IV.
In this table, we only show half of off-diagonal elements
of ΠBCD, the rest of off-diagonal elements are equal to
zero (i.e., ai,j = aji for i, j ∈ {000, · · · , 222}) since ΠBCD
is positive definite.
Furthermore, we will show that all diagonal elements
in ΠBCD are equal in Table V:
Since ΠBCD is proportional to an identity operator,
BCD can not go first. On account that (3) is invariant
under the cyclic permutation of the parties, ACD, ABD
can not go fist as well.
8No. States Zero-Elements No. States Zero-Elements
1
c100,212 , c100,222 , c100,022 , c100,012 33
|φ21,22,23,24〉 c001,222 , c001,212 , c001,022 , c001,012
|φ1,2,3,4〉 c102,212 , c102,222 , c102,022 , c102,012 |φ25,26,27,28〉 c201,222 , c201,212 , c201,022 , c201,012
|φ21,22,23,24〉 c110,212 , c110,222 , c110,022 , c110,012 34
|φ21,22,23,24〉 c220,222 , c220,212 , c220,022 , c220,012
c112,212 , c112,222 , c112,022 , c112,012 |φ33,34,35,36〉 c120,222 , c120,212 , c120,022 , c120,012
2
|φ1,2,3,4〉 c001,100 , c001,102 , c001,110 , c001,112 35
|φ21,22,23,24〉 c010,222 , c010,212 , c010,022 , c010,012
|φ25,26,27,28〉 c201,100 , c201,102 , c201,110 , c201,112 |φ37,38,39,40〉 c011,222 , c011,212 , c011,022 , c011,012
3
|φ1,2,3,4〉 c220,100 , c220,102 , c220,110 , c220,112 36
|φ21,22,23,24〉 c121,222 , c121,212 , c121,022 , c121,012
|φ33,34,35,36〉 c120,100 , c120,102 , c120,110 , c120,112 |φ41,42,43,44〉 c122,222 , c122,212 , c122,022 , c122,012
4
|φ1,2,3,4〉 c010,100 , c010,102 , c010,110 , c010,112 37
|ψ1,2〉 c101,211 , c101,210 , c101,221 , c101,220
|φ37,38,39,40〉 c011,100 , c011,102 , c011,110 , c011,112 |φ5,6,7,8〉 c102,211 , c102,210 , c102,221 , c102,220
5
|φ1,2,3,4〉 c121,100 , c121,102 , c121,110 , c121,112 38
|ψ3,4〉 c212,022 , c212,021 , c212,002 , c212,001
|φ41,42,43,44〉 c122,100 , c122,102 , c122,110 , c122,112 |φ9,10,11,12〉 c210,022 , c210,021 , c210,002 , c210,001
6
c211,000 , c211,020 , c211,100 , c211,120 39
|ψ5,6〉 c020,100 , c020,102 , c020,110 , c020,112
|φ5,6,7,8〉 c210,000 , c210,020 , c210,100 , c210,120 |φ1,2,3,4〉 c021,100 , c021,102 , c021,110 , c021,112
|φ13,14,15,16〉 c221,000 , c221,020 , c221,100 , c221,120 40
|ψ1,2〉 c101,000 , c101,020 , c101,100 , c101,120
c220,000 , c220,020 , c220,100 , c220,120 |φ13,14,15,16〉 c102,000 , c102,020 , c102,100 , c102,120
7
|φ5,6,7,8〉 c001,211 , c001,210 , c001,221 , c001,220 41
|ψ3,4〉 c212,111 , c212,101 , c212,211 , c212,201
|φ25,26,27,28〉 c201,211 , c201,210 , c201,221 , c201,220 |φ17,18,19,20〉 c210,111 , c210,101 , c210,211 , c210,201
8
|φ5,6,7,8〉 c112,211 , c112,210 , c112,221 , c112,220 42
|ψ7,8〉 c111,100 , c111,102 , c111,110 , c111,112
|φ29,30,31,32〉 c012,211 , c012,210 , c012,221 , c012,220 |φ1,2,3,4〉 c211,100 , c211,102 , c211,110 , c211,112
9
|φ5,6,7,8〉 c121,211 , c121,210 , c121,221 , c121,220 43
|ψ9,10〉 c222,211 , c222,210 , c222,221 , c222,220
|φ41,42,43,44〉 c122,211 , c122,210 , c122,221 , c122,220 |φ5,6,7,8〉 c022,211 , c022,210 , c022,221 , c022,220
10
|φ5,6,7,8〉 c202,211 , c202,210 , c202,221 , c202,220 44
|ψ11,12〉 c000,022 , c000,021 , c000,002 , c000,001
|φ45,46,47,48〉 c200,211 , c200,210 , c200,221 , c200,220 |φ9,10,11,12〉 c100,022 , c100,021 , c100,002 , c100,001
11
c111,022 , c111,021 , c111,002 , c111,001 45 |ψ19〉, |φ5,6,7,8〉 c110,211 , c110,210 , c110,221 , c110,220
|φ9,10,11,12〉 c101,022 , c101,021 , c101,002 , c101,001 46 |ψ19〉, |φ13,14,15,16〉 c110,000 , c110,020 , c110,100 , c110,120
|φ17,18,19,20〉 c211,022 , c211,021 , c211,002 , c211,001 47 |ψ21〉, |φ9,10,11,12〉 c221,002 , c221,001 , c221,022 , c221,021
c201,022 , c201,021 , c201,002 , c201,001 48 |ψ21〉, |φ17,18,19,20〉 c221,111 , c221,101 , c221,211 , c221,201
12
|φ9,10,11,12〉 c112,022 , c112,021 , c112,002 , c112,001 49 |ψ23〉, |φ1,2,3,4〉 c002,110 , c002,112 , c002,100 , c002,102
|φ29,30,31,32〉 c012,022 , c012,021 , c012,002 , c012,001 50 |ψ23〉, |φ21,22,23,24〉 c002,222 , c002,212 , c002,022 , c002,012
13
|φ9,10,11,12〉 c220,022 , c220,021 , c220,002 , c220,001 51 |ϕ1〉, |φ41,42,45,46〉 c010,121 , c010,122 , c010,202 , c010,200
|φ33,34,35,36〉 c120,022 , c120,021 , c120,002 , c120,001 52 |ϕ2〉, |φ37,38,45,46〉 c121,010 , c121,011 , c121,202 , c121,200
14
|φ9,10,11,12〉 c010,022 , c010,021 , c010,002 , c010,001 53 |ϕ3〉, |φ37,38,41,42〉 c202,010 , c202,011 , c202,121 , c202,122
|φ37,28,29,40〉 c011,022 , c011,021 , c011,002 , c011,001 54 |φ25,26〉, |φ41,42〉 c001,121 , c001,122 , c201,122 , c201,121
15
|φ9,10,11,12〉 c201,022 , c201,021 , c201,002 , c201,001 55 |φ29,30〉, |φ45,46〉 c112,202 , c112,200 , c012,202 , c012,200
|φ45,46,47,48〉 c20,022, c200,021 , c200,002 , c200,001 56 |φ33,34〉, |φ37,38〉 c220,010 , c220,011 , c120,010 , c120,011
16
|φ13,14,15,16〉 c001,000 , c001,020 , c001,100 , c001,120 57 |ϕ5〉, |φ29,30,45,46〉 c212,112 , c212,012 , c212,202 , c212,200
|φ25,26,27,28〉 c201,000 , c201,020 , c201,100 , c201,120 58 |ϕ6〉, |φ33,34,37,38〉 c020,010 , c020,011 , c020,220 , c020,120
17
|φ13,14,15,16〉 c112,000 , c112,020 , c112,100 , c112,120 59 |ϕ4〉, |φ25,26,41,42〉 c101,121 , c101,122 , c101,001 , c101,201
|φ29,30,31,32〉 c012,000 , c012,020 , c012,100 , c012,120 60 |ϕ7〉, |φ21,22,23,24〉 c000,222 , c000,212 , c000,022 , c000,012
18
|φ13,14,15,16〉 c121,000 , c121,020 , c121,100 , c121,120 61 |ϕ8〉, |φ13,14,15,16〉 c111,000 , c111,020 , c111,100 , c111,120
|φ41,42,43,44〉 c122,000 , c122,020 , c122,100 , c122,120 62 |ϕ9〉, |φ9,10,11,12〉 c222,111 , c222,101 , c222,211 , c222,201
19
|φ13,14,15,16〉 c202,000 , c202,020 , c202,100 , c202,120 63 |ψ23〉, |ψ5,6, φ41,42〉 c002,020 , c002,021 , c002,121 , c002,122
|φ45,46,47,48〉 c200,000 , c200,020 , c200,100 , c200,120 64 |ψ21〉, |ψ3,4, φ37,38〉 c221,212 , c221,210 , c221,010 , c221,011
20
|φ17,18,19,20〉 c112,111 , c112,101 , c112,211 , c112,201 65 |ψ19〉, |ψ1,2, φ45,46〉 c110,101 , c110,102 , c110,202 , c110,200
|φ29,30,31,32〉 c012,111 , c012,101 , c012,211 , c012,201 66 |φ41,42〉, |ψ13,14〉 c121,011 , c121,021 , c122,011 , c122,021
21
|φ17,18,19,20〉 c220,111 , c220,101 , c220,211 , c220,201 67 |φ45,46〉, |ψ15,16〉 c202,122 , c202,102 , c200,122 , c200,102
|φ33,34,35,36〉 c120,111 , c120,101 , c120,211 , c120,201 68 |φ37,38〉, |ψ17,18〉 c010,200 , c010,210 , c011,200 , c011,210
22
|φ17,18,19,20〉 c010,111 , c010,101 , c010,211 , c010,201 69 |ϕ7〉, |φ37,38,33,34〉 c000,010 , c000,011 , c000,220 , c000,120
|φ37,38,39,40〉 c011,111 , c011,101 , c011,211 , c011,201 70 |ϕ8〉, |φ25,26,41,42〉 c111,121 , c111,122 , c111,001 , c111,201
23
|φ17,18,19,20〉 c202,111 , c202,101 , c202,211 , c202,201 71 |ϕ9〉, |φ29,30,45,46〉 c222,202 , c222,200 , c222,112 , c222,012
|φ45,46,47,48〉 c200,111 , c200,101 , c200,211 , c200,201 72 |ψ3,4〉, |φ33,34〉 c212,220 , c212,120 , c210,220 , c210,120
24 |ψ5,6〉, |φ25,26〉 c020,001 , c020,201 , c021,001 , c021,201 73 |ψ1,2〉, |φ29,30〉 c101,112 , c101,012 , c102,112 , c102,012
25 |ϕ7〉, |ψ5,6〉 c000,020 , c000,021 74 |ϕ7〉, |φ1,2,3,4〉 c000,100 , c000,102 , c000,110 , c000,112
26 |ψ23〉, |φ25,26〉 c002,002 , c002,201 75 |ϕ1〉, |ψ13,14〉 c010,011 , c010,021
27 |ϕ6〉, |φ9,10,11,12〉 c020,002 , c020,001 , c020,022 , c020,021 76 |ϕ9〉, |φ9,10,11,12〉 c222,002 , c222,001 , c222,022 , c222,021
28 |ψ15,16〉, |φ17,18,19,20〉 c102,101 , c102,111 , c102,201 , c102,211 77 |ϕ8〉, |ψ1,2〉 c111,101 , c111,102
29 |ψ19〉, |φ29,30〉 c110,112 , c110,012 78 |ϕ8〉, |φ5,6,7,8〉 c111,211 , c111,210 , c111,221 , c111,220
30 |ψ15,16〉, |ϕ2〉 c121,122 , c121,102 79 |ϕ3〉, |ψ17,18〉 c202,200 , c202,210
31 |ψ7,8〉, |ψ17,18〉 c200,111 , c200,211 , c210,211 , c210,111 80 |ψ17,18〉, |φ21,22,23,24〉 c210,212 , c210,222 , c210,012 , c210,022
32 |ϕ9〉, |ψ3,4〉 c222,212 , c222,210 81 |ψ21〉, |φ33,34〉 c221,220 , c221,120
TABLE IV. Off-Diagonal elements of ΠBCD
9No. States Elements
1 |ψ1,2〉 c101,101 = c102,102
2 |ψ3,4〉 c212,212 = c210,210
3 |ψ5,6〉 c020,020 = c021,021
4 |ψ7,8〉 c111,111 = c211,211
5 |ψ9,10〉 c222,222 = c022,022
6 |ψ11,12〉 c000,000 = c100,100
7 |ψ13,14〉 c011,011 = c021,021
8 |ψ15,16〉 c122,122 = c102,102
9 |ψ17,18〉 c200,200 = c210,210
10 |φ1,2,3,4〉 c100,100 = c102,102 = c110,110 = c112,112
11 |φ5,6,7,8〉 c211,211 = c21,210 = c221,221 = c220,220
12 |φ9,10,11,12〉 c002,002 = c001,001 = c022,022 = c021,021
13 |φ13,14,15,16〉 c000,000 = c020,020 = c100,100 = c120,120
14 |φ17,18,19,20〉 c111,111 = c101,101 = c211,211 = c201,201
15 |φ21,22,23,24〉 c222,222 = c212,212 = c022,022 = c012,012
16 |φ25,26〉 c001,001 = c201,201
17 |φ29,30〉 c112,112 = c012,012
18 |φ33,34〉 c220,220 = c120,120
19 |φ37,38〉 c010,010 = c011,011
20 |φ41,42〉 c121,121 = c122,122
21 |φ45,26〉 c202,202 = c200,200
TABLE V. Diagonal elements of ΠBCD
